THE COX RING OF Mqs 

ANA-MARIA CASTRAVET 

Abstract. We prove that the Cox ring of the moduh space Mo,6, of stable 
rational curves with 6 marked points, is finitely generated by sections cor- 
responding to the boundary divisors and divisors which are pull-backs of the 
hyperelliptic locus in M-j via morphisms p : Mq^ — ► M3 that send a 6-pointed 
rational curve to a curve with 3 nodes by identifying 3 pairs of points. In par- 
ticular this gives a self-contained proof of Hassett and Tschinkel's result about 
the effective cone of Mo,6 being generated by the above mentioned divisors. 



1. Introduction 

A question of Fulton about the moduli space Mo,„, of stable, n-pointed, rational 
curves, is whether the cone NE (Mo,„) of effective cycles of codimension k in Mo,„ 
is generated by k-strata, i.e., loci in Mo,„ corresponding to reducible curves with at 
least k nodes. While the case when k = n — 4 (i.e., the cone of effective curves) is 
completely open (and an affirmative result would imply, by results of Gibney, Keel 
and Morrison [GKMj . the similar statement for the moduli space Mg_„, of stable, 
n-pointed, genus g curves, thus determining the ample cone of Mg^n) the case 
when k = 1 (i.e., the cone of effective divisors) was settled independently by Keel 
(unpublished, a refference to this may be found in [G KMj . p. 277) and Vermeire [V] : 
Fulton's question has a negative answer when n = 6 (and therefore for any n > 6). 
Hassett and Tschinkel prove in [HT] that the Keel- Vermeire divisors (pull-backs of 
the locus of hyperelliptic curves in the moduli space M3, via morphisms A/0,6 ~^ 
sending a 6-pointed rational curve to a curve with 3 nodes by identifying 3 pairs 
of points) together with the 2-strata (the boundary) generate the cone of effective 
divisors in Af o,6- The proof in [HTj is based on a computer check. In this paper we 
give a proof of Hassett and Tschinkel's result, by proving a stronger statement: we 
show that the sections corresponding to the above divisors generate the Cox ring 

of Mo,6- 

Recall that if X is a smooth projective variety with Picard group freely generated 
by divisors Di, . . . , Dr, then the Cox ring (or total coordinate ring) of X is the 
multi-graded ring: 

Cox(X)= lf{X,miDi + ... + mrDr). 

(mi , . . .,m^) t^Z^ 

The Cox ring being finitely generated has strong implications for the birational 
geometry of X {X is a so-called Mori Dream Space) : the effective cone and the nef 
cone are both polyhedral and there are finitely many small modifications of X (i.e., 
varieties X' isomorphic in codimension one to X) such that any moving divisor on 
X (i.e., a divisor whose base locus has codimension at least 2) is nef on one of the 
varieties X' (see |HK| for the precise statements). It has been conjectured by Hu 
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and Keel [HK] that any log-Fano variety has a finitely generated Cox ring. This 
has been recently proved in the groundbreaking paper [ BCHM] , In [HK| Hu and 
Keel ask the following question: 

Question 1.1. Is the Cox ring o/il/o.„ finitely generated? 

As pointed out in KMJ, the moduli space Mo.„ is log-Fano only for n <Q. 

We answer Question ll.ll for n = 6 by finding explicit generators. Our hope is that 
our method for finding generators, that proved to be useful in other circumstances 
(see [CT] ). will eventually help answer Question ll.ll for larger n as well. 

Consider the Kapranov description of the moduli space M — Mo.e- If Pi, • ■ • 7P5 
are points in linearly general position in P'^, then M is the iterated blow-up of P'^ 
along pi , . . . , p5 and along the proper transforms of the lines Uj — jHpJ for all i ^ j . 
If p is a general point in P'^, there is a unique twisted cubic C in P'^ that contains 
the points pi, . . . ,pz,p. Then (C, pi, . . . ,p^,p) is a 6-pointed rational curve, hence 
an element of Mq^. The point p corresponds to the 6'th marking (the so-called 
moving point). 

Denote by H the hyperplane class on M and by Ei and Eij the exceptional 
divisors in M corresponding to the points pi and the lines Uj . 

Notation 1.2. Let Ay^ be the class of the proper transform of the plane Pipjpk- 

Aijk = H — Ei — Ej — Ek — Eij — Eik — Ejk- 

If S* C {1, . . . , 6} and \S\ = 2, or 3, let A5 be the boundary divisor in M with 
general element a curve with two irreducible components with the partition of the 
markings given hy S U S"^ . In the Kapranov description, the boundary divisors Ag 
have the following classes: 

Aid = Ei, Ajj6 = Ei-j, i, j = 1, . . . , 5, 

Ay = Aabc, if {i,j,a,b,c} = {1, . . . ,5}. 

Notation 1.3. Let Q[ij)(^M) the class of the proper transform of the unique 
quadric that contains all the points pi, ... ,735 and the lines Uk, hi, Ijk, Iji- 

Q(ij)(ki) = — ^ Ei — Eik ~ Eii — Ejk ~ Eji. 

i 

The divisor classes Q(ij)(ki) ^-re exactly the divisors considered by Keel and Ver- 
meire: for example, if one considers the map A/0,6 ~* given by identifying the 
pairs of points (12) (34) (56), then the class of the pull-back of the hyperelliptic locus 
in M3 is computed in [HTj to be the class of Q(i2)(34)- We call the divisors Q{ij)(ki) 
the Keel- Vermeire divisors. We prove the following: 

Theorem 1.4. The Cox ring of Mq^q is generated by the sections (unique up to 
scaling) corresponding to the boundary divisors (i.e., Aijk cmd the exceptional divi- 
sors Ei and Eij) and the Keel-Vermeire divisors Q(ij)(ki)- 

The paper is divided as follows: Section [2] explains the strategy of proof, there 
are two main cases, the details of each are given in Section [31 respectively Section 
m The remaining sections contain auxiliary results needed in the proof. Section O 
contains proofs for some basic inequalities, while Section |6] contains some general 
multiplicity estimates needed for Case II. Section [7] contains the proof of Lemma 
12.211 (needed for Case II) that states that the Cox ring of the blow-up of P^ in seven 
(non-general) points is generated by sections corresponding to —1 and —2 curves. 
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Section [S] gives necessary and sufficient conditions for a divisor on X, the iterated 
blow-up of P"^ in four general points and lines through them, to have sections. 
Finally, in Section [9] we compute the restrictions of an arbitrary divisor D to all 
the boundary divisors and Keel-Vermeire divisors on M . Moreover, we derive some 
necessary conditions for these restrictions to be effective (an assumption in our 
main proof). 

Acknowledgements. I thank Jenia Tevelev and Sean Keel for useful comments. 

2. Plan of Proof 
Consider an arbitrary divisor class on M: 

D = dH - miEi - ^ rUijEij. 

In all that follows we assume H°(Af,D) ^ 0. 

Notation 2.1. Let I be the class of the proper transform in M of a general line 
in P-^. Let e; be the class of a general line in Ei. Let C be the class of the proper 
transform of a general cubic that passes through pi, . . . ,^5: 

C = 3Z — ei — . . . — 65. 

The curves with class C cover a dense set of A/; hence, D.C > for any effective 
divisor D. 

Definition 2.2. Let Xi, Xij,Xijk,X(^ij)i^ki) be the sections (unique up to scalar) cor- 
responding to the divisors: 

Ei,Eij,Kijk,Q(^ij)(ki)- (2.1) 
Definition 2.3. We call a section s G H°(M, Z?) a distinguished section if 

_ Ui rtij riijk rifij-nki-i 

where ni,nij ,nijk,n(^ij^(^ki) ai'e non-negative integers. 

To show that 11° {M, D) is generated by distinguished sections, we do an induc- 
tion on D.C. Note that we may assume that D contains none of the divisors (|2.ip 
in its base locus, i.e., equivalently, if for E any of the divisors in (|2.ip . one has 
H''(£', D\e) ^ 0. To see this, note that if E is an effective divisor, say E is the zero 
locus of a section xe ^ H''(Af , i?), then there is an exact sequence: 

H°(M, D-E)-> H°(M, D) lf{E, D\e)- 

If B°{E,D\e) = then any s e B°{M,D) is of the form XEt, where t e 
H''(M, D — E). If in addition £' is a divisor in (|2.ip then we may replace D with 
D — E and s with t. (Clearly, if t is generated by distinguished sections, then s is 
too.) Therefore, we may assume: 

Assumption 2.4. Yf'{E,D\E) + for all divisors E in (j^ . 
Denote by te the restriction to E: 

r£:H"(M,i?)^H°(£;,I?|B). 
To prove Theorem II .41 it is enough to prove the following: 

Main Claim. Let Z? be a divisor on M: 

D = dH - niiEi - ^ rriijEij, 
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such that H°(Af, £)) ^ and that satisfies Assumption 12.41 Up to a renumbering, 
we may assume that < rm, for i — 1, . . . ,A. If nii — for alH = 1, . . . , 4, then 
we may assume that the maximum of the rriij^s for aU i,j G {1, . . . , 5} is attained 
for TOi5 for some i = 1, . . . , 4. Let E = E^. Then for any s G H°(DM, D), there is 
s' G H°(M, £)), generated by distinguished sections, such that rsis) = r£;(s'). 

To see how the Main Claim impHes Theorem 11.41 note that the kernel of the 
restriction is H°(M, D - E) and the map H°(M, D - E) ^ H°(M, D) is given 
by multiplication with xe- If ^Eis) — rE{s'), then s — s' ~ XEt, where t G 
H°(M, D — E). If s' is generated by distinguished sections, then to show that s 
is generated by distinguished sections it is enough to show that H°(A/, Z) — E) is 
generated by distinguished sections. We may replace D with D — E, and continue 
the procedure. Since E is always among the Ei's, note that {D — E).C < D.C and 
}i^{M,D — E) is generated by distinguished sections by induction. The process 
has to stop as D.C > for any effective divisor D. (In particular, note that D.C 
decreases also when we substract from D any of the divisors E in p.ip for which 



R°{E,Die)=0-) 

Notation 2.5. Given any divisor D on M we denote by D the restriction D^e^ of 
D to E5. By dl^l) one has: 



Let : P'^ be the projection from p^. Let qi = p^ipi) [i G {!,... ,4}). 

The divisor E^ is isomorphic to the blow-up of P^ along the points gi , . . . , 94 (as 
qi determines the direction of the line U^). The divisors H, respectively Ei, are 
the hyperplane class, respectively the exceptional divisors on E^ (see also Section 
19.11 ) The map ps is resolved by the morphism tts : M ^ -^^0,5 that forgets the 5'th 
marking (which is also a retract for the inclusion E^, c M). 

Notation 2.6. Let 1^ be the line g^gj in P^. Denote: 



Notation 2.7. Let be the proper transform in M of the unique line in P'^ 
that passes through and intersects the skew lines Z13 and ^24- Similarly, let Ly 
(respectively L^) be the unique line that passes through 735 and intersects the skew 
lines In and Z23 (respectively I12 and ^34). 

Remark that x = pziLx), y = PsiLy), z = ^5(^2)- 
In order to prove the Main Claim, we distinguish two cases. 
Case I: Assume that D.L^ > 0, D.Ly > 0, D.L;, > 0. 



Notation 2.8. Denote by the section on £^5 corresponding to the proper trans- 
form of the line ly in P^. Let Si (i = 1, . . . , 4) be the sections corresponding to the 
exceptional divisors Ei. 

Definition 2.9. We call a section s G Il"(£^5, D) a distinguished section on E^ if s 
can be written as a monomial in the sections and Si. 

Since E^ = Mo,5 is the blow-up of P^ along gi, . . . ,94, by Lemma [7.31 the Cox 
ring Cox(iJ5) of E5 is generated by distinguished sections. The Main Claim follows 
from the following: 
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Proposition 2.10. Under the assumptions of the Main Claim and the assumptions 
in Case I, the restriction map 

rE,:lf(M,D)^lf{E5,D), 

is surjective and one may lift any distinguished section (hence, any section) in 
ifi^E^jD) to a section generated by distinguished sections in LP{M,D). 

The following is the main observation needed to prove Proposition 1 2 . 1 (71 

Main Observation — Case I. Distinguished sections on may be lifted to 
distinguished sections on M using the following rules: 

This is because A,y5|^^ = 1^, Ei^^^^ = Ei (see Section [9l formula ()9.3p ). 
Sketch of Proof of Proposition 12.101 We lift a distinguished section s G 
H^^E^jD) using the rules (12. 2p . Hence, there is a section t' belonging to some 
H°(M, D'), where d' = D and rs, (f) = s. 
Notation 2.11. Let A = £> - D'. 

Notation 2.12. Denote by X the iterated blow-up of P'^ m pi, . . . ,p4 and proper 
transforms of lines kj (i, j £ {1, . . . , 4}). 

Since D and D' have the same restriction to E^, it follows from (|9.3p that the 
divisor A is a divisor on X. Note, X is a toric variety. The following is a standard 
result: 

Lemma 2.13. The Cox ring of X is generated by sections Xi,Xij, Xijk correspond- 
ing to the exceptional divisors Ei,Eij and proper transforms of hyperplanes h-ijk 
fz,j,fcG {!,... 4};. 

Proposition 12 . 101 is now immediate if H°(A) ^ 0: Since the points pi , . . . , p5 are 
general, the restriction to E^ of any distinguished section in Cox(X) is non-zero. In 
particular, if t" is any non-zero section in H°(A), then t''^^ G H"(i?5, O) is non-zero. 
Therefore, the section s — t't" is a section in H°(A/, D) that restricts to (a non-zero 
multiple of) s in }i°{Er^,D). Since t" is a distinguished section, it follows that t is 
generated by distinguished sections. 

Definition 2.14. We call a distinguished section s on £'5 a section with straight- 
forward lifting to D if after lifting using the rules (|2.2p we end up with a divisor D' 
for which A = D - £>' has H"(A) ^ 0. 

The following Claim (proof in Section ^ finishes the proof of Proposition 12.101 

Claim 2.15. Under the assumptions of Provosition \^.10[ any distinguished section 
s G lf{E5, D) is a linear combination of distinguished sections with straightforward 
lifting to D. 

Case II: Assume one of D.Lx, D.Ly, D.L^ is negative. 



Definition 2.16. Let: 

= max {0, —D.Lx\, niy = max {0, —D.Ly}, niz — max {0, ^D.Lz\. 

Notation 2.17. Denote by Y the blow-up of along qi,q2,q3,q4,x,y, z. Let 
Ei,Ex,Ey,Ez be the corresponding exceptional divisors. For a given divisor D on 
M we consider the following divisor on Y: 

= D - m^Ex - niyEy - m^Ez. 
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Clearly, the linear system H°(Y, D^) is a subspace of the linear system H''(i?5, D). 
Claim 2.18. The restriction map rE^ factors through lf{Y,D ). 

Proof. Clearly, Claim [^.181 is non-trivial only when one of mx,rny,mz is positive. 
Take for example the case when rrix > (the other cases are identical). By Propo- 
sition [^31 the line is contained in D with multiplicity m > rux > 0. It follows 
that for any s G H'^(M, I?) the section rE^is) vanishes at x with multiplicity > m; 

hence, rE^is) lies in the subspace H°(y, D ). □ 

In Case II we follow the exact same steps as in Case I, with the only difference 
that we work on Y instead of . 

Notation 2.19. Denote by s^^ the section corresponding to the proper transform 
in Y of the line lij. Similarly, let Sxy, Sxz, Syz be the sections corresponding to the 
proper transforms of the lines xy^lTZjlfz. Let Si, Sx, Sy, Sz be the sections corre- 
sponding to the exceptional divisors Ei, Ex, Ey, Ez- 

Note: 

2^6^13,^24, y&hij23, zeli2,hi. 
Hence, for example s'^^ is a section of the divisor H — Ei — E^ — Ex and the section 
Si3 (Notation 12. 8p is given by S13 = s[^Sx- Moreover, if we let: 

ry :H°(M,i?)^H"(r,;D''), 
be the morphism of Claim [TT51 then rE^is) ~ rY{s)s^^ s^^ s^' . 

Definition 2.20. We call a section s G II°(y, I?^) a distinguished section on Y if 
s can be written as a monomial in the sections s^j,Sxy,Sxz,Syz, Si,Sx,Sy,Sz- 

In Section [7] we prove the following: 

Lemma 2.21. The Cox ring Cox(y) ofY is generated by distinguished sections. 

Note, by Lemma r2. 2 11 the generators of Cox(F) are given by the sections (unique 
up to scalar multiplication) corresponding to the (—1) and (—2) curves on Y. The 
Main Claim follows from: 

Proposition 2.22. Under the assumptions of the Main Claim, the restriction map: 

rY:lf(M,D)^lf{Y,D), 
is surjective and one may lift any distinguished section (hence, any section) in 
Tf{Y,D^) to a section generated by distinguished sections in lf{M,D). 

The following is the main observation needed to prove Proposition [222 

Main Observation — Case II. Distinguished sections on Y may be lifted to 
distinguished sections on M using the following rules: 

rYixijs) = s'ij, ry(Xi5) = Si, (2.3) 

ry {X (13){24)) = Syz, ry (x (^14-) (^23)) = Sxz, rYix(^i2)(34)) = Sxy (2.4) 

This is because when D = Ay 5 one has: 

D — H — El — Ej — Ea, 
where a = .t if ij e {13, 24}, a = y ifij e {14, 23}, zifij e {12, 34}. Similarly: 

Q(13)(24) ^ H - Ey - Ez, Q(14)(23) = H ~ Ex - Ez,Q(i2)(34) = H - Ex ~ Ey. 

Sketch of Proof of Proposition 12.221 We lift a distinguished section s G 
H°(£'5,I?) using the rules (|2.3p and (|2.4p . Hence, there is a section t' in some 
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H"(M, D') and ry (t') = s. As in Case I, we let A = L> - D' . The divisor A is a 
divisor on X (Notation 12. 12p . As in Case I, Proposition 12.221 follows from Lemma 
mif H°(A) ^0. 

Definition 2.23. We call a distinguished section s on F a section with straight- 
forward lifting to D if lifting using the rules ()2.3|) and ()2.4|) results in a divisor D' 
for which A = D- D' has H°(A) ^ 0. 

The following Claim (proof in Section 2]) finishes the proof of Proposition 12.221 

Claim 2.24. Under the assumptions of the Main Claim, any distinguished section 
self{Y,D ) is a linear combination of distinguished sections with straightforward 
lifting to D. 

3. Proof of Claim 12.151 

The idea is that any distinguished section on can be rewritten, using the re- 
lations in Cox(£'5), as a linear combination of distinguished sections with straight- 
forward lifting. To check that H°(A) ^ we use Lemma 18.21 Assumption 12.41 is 
equivalent to inequalities (|9.4p . (|9.6p . (|9.7p . (|9.8p (for all permutations of indices). 

We use the notation from Section [H] Recall that is the class of a fiber of the 
P^-bundle Eij lij. One has D.l = d, D.ei = nii, D.Cij = niij (see for example 
(|9.ip . (|9.5p ). The inequalities defining Case I are equivalent to: 

D.{l-e5-e,j -eki)>0, {i, j,k,l} ^ {1,2,3,4}- (3.1) 

Lemma 3.1. Let s be a distinguished section on E^: 

^=n^rn^^ (3-2) 

where Oij, li > 0. If s is a section if'^E^, D) then s has straightforward lifting to D 
if and only if for all {i,j,k,r\ = {1,2,3,4} one has: 

a^J <D.{Ck;i-e5), (3.3) 
where Ck-i ^ 21 - cm - Ckj - e;. 

Remark 3.2. By (HH) one has D.{Ck-i - 65) > for aU k,l e {1,2,3,4}. 

Remark 3.3. The condition that s is in H°(il') is equivalent to: 

^ fly =15.65, Oij + Oik + an - k = D.ei5, (3.4) 

(the coefficients of H and Ei in D). It follows from (13. 4p that: 

an - a-ij - h - k = D-{ek5 + e;5 - 65), (3.5) 
4 

= i?.(2e5-^e,5), (3.6) 

cLjk + a.ji + aki + h = -0.(65 - 615)- (3.7) 

Proof of Lemma\^ If 75 = 0, s = 1 (i.e., = Q,k = 0) then the lift D' is 0. 
Hence, A — D ~ D' = D. Since H°(£') ^ 0, there is nothing to prove in this case. 

Assume now D ^ Q. Recall that E^ C M has a retract tt : M — > i?5 = Mo,5 
given by the morphism that forgets the 5-th marking. One has: 

7T*~kj = A^J5 + E,j , TT*E, = + E, (3.8) 

(This is a general fact about the forgetful morphisms tt^ : Afo,n Afo,n-i that 
forget a marking i. If Ag is a boundary divisor in Afo,n_i, corresponding to the 
partition S U S", then 7r*A5 = A5 + Aguji}-) 
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Since we lift D to D' by lifting lij to A.^s and Ei to Ei^, it follows that: 

D' = n*D- Ao, 
where Aq is the effective divisor on X given by: 

Ao — aijEij + hEi. 

jje{l,...,4} i£{l,...,4} 

Then A = D-D' = D- 7r*U+ Aq. 

Observation 3.4. If {D - tt*D).C > for some nef curve C on X, then A.C > 0. 

Below we show that {D — Tr*D).C > for all the nef curves C in Lemma [8.21 
giving inequalities (l)-(4). Hence, by Observation [3111 A.C > 0. For the remaining 
nef curves C in general it will not be true that [D — 'k*D).C > 0, but we show that 
we still have A.C > for the nef curves C giving inequalities (5), (7), (8), (9) and 
that for C — Ck-i (inequality (6)) A.C > is equivalent to (|3.3p . Note: 

{7r*D).l^ D.e^, {n*D).e,^D.e,^, {7:*D).e,,=0 (3.9) 

(It is enough to check this when D — H, Ei, Eij. For this, use the formulas (|3.8|) .) 
We check one by one the inequalities (1) — (9) in Lemma \8l2\ 

(1) {D-iT*D).l^D.{l-e5)>0, 

as Z — 65 is a nef curve on M. Similarly: 

(2) {D - TT*D).{1 - e,) = D.{1 - e, - 65 + 6,5) > by 

(3) [D - TT*D).{1 - ey) = D.{1 - 65 - 6,,) > by 

(4) {D - 7T*D).{1 - 6y - eki) = D.{1 - 65 - 6y - Cki) > by 
For inequality (5) (recall Cy = 21 — Cij — Ck — ei): 

{D - Tr*D).C\j = D.{C,j - 265 + efc5 +6(5), 
Ao.Cij = Gij + Ik + h, 

A.Cij = D.idj - 65) + £'.(6fc5 + 6/5 - 65) + Qij + Ik + k- 

By dSl]), A.Cy = D.iCj - 65) + aki. From ^ (and au > 0), A.Cy > 0. 
For inequality (7) (recall C'i — 21 — Cij — Cik — en): 

{D-7r*D).a^D.ia-2e5). 
and Ao.Ci — Uij + aik + an. Using p.4|l . Ap.Ci = -0.6^5 + U. Therefore: 

A.C, = D.{C\ - 265 + e,5) + k = "^D.il - 6, - 65 + 6,5) + £'.(26, - ^ 6,„) + k. 

It follows from 1131) and (HSl that A.C, > 0. 
For inequality (8) (recall B ^ 31 — ^i)- 

4 

{D - n*D).B = D.{B - 365 + ^ 6,5), 

1=1 

and Aq.B = J2t=i h- It follows from dSH) that A.B = D.{31 - J^Li ^i) > 0. 
For inequality (9) (recall Bi — 31 — 2ei — ejk — eji — Cki)'- 

{D - TT*D).B, = D.{B, - 365 + 26,5), 

and Ao-Bi = Ujk + aji + aki + 2li. From ()3.7|) one has Ao-Bi = D.{e^ — 6^5) + li, 

A.Bi = D.{Bi - 265 + 6^5) = 2D.{1 - 6i - 65 + 6,5) + D.{1 - Cjk - Sji - eki - 6,5). 
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It follows by (HH) and ^1^) that D.Bi > 0. 

There is at least one strict inequality in (4): assume A.(^ — — Cki) — 0, for all 
k, 1} — {1, 2, 3, 4}. From the computation above for case (4) we have: 

{D - ■n*D).{l - dj - Cki) = D.{1 - 65 - - Cki) > 0. 

As Aq.{1 — Cij — Cki) = — eij — eki) is a nef curve) it follows that: 

{D - ■n*D).{l - eij - eu) = Ao.(Z - eij - eu) = 0. 

Since Ao.(/ — Cij — Cki) = aij + aki it follows that aij — for all By (|3.4p . 
i^.es = and D.Ci^, = Q,li = for all i ^ 5. Hence, D = 0,1 = 1, which contradicts 
our assumption. 

We show now that inequality (6) is equivalent to (|3.3p . One has: 
(D ~ n*D).Q.,, = D.iQ., ~ 2e5 + e.g), 
and Ao.Ciy = a-ifc + a,j; + Ij. From (|X71) . Ao.Ci;j = £'.(65 - e^s) - a^. Therefore: 

A.C\.j = D.{Ci;j - 65) - au- 
Hence, inequality (6) is equivalent to p.3p . □ 

3.1. Proof of Claim 12.151 Let s be a distinguished section in 1^{E^,D) as in 
([3:21) . If fly < D.{Ck-i-e^) for aU {i,j,k,l} = {1,2,3,4} then by Lemma Os has 
straightforward lifting to D. Assume now that > D.{Ck:i — 65) for some choice 
of i,j,k,l. Without loss of generality, we may assume ai2 > D.{C2-4 — 65). Note 
that by Remark 13.21 it follows that ai2 > 0. 

Claim 3.5. If ai2 > D.{C3-4 — 65) then either 034 > or li + I2 > 0. 
Proof. By p.Sp one has: 

ai2 - 034 - h- l2 = -D.(ei5 + 625 - 65). (3.10) 
Assume 034 = Zi = ^2 = 0. It follows from p.lOp and ai2 > r'.(C3;4 — 65) that 

ai2 = -0.(615 + 625 - 65) > £).(C3;4 - 65). 

This is a contradiction, as by (|9.8p one has: 

L'.(C3;4 - 65) - £'.(615 + 625 - 65) D.{21 - 64 - 613 - 623 - 615 - 625) > 0. 

□ 

3.2. Algorithm for replacing s. We now give an algorithm for replacing s with 
another distinguished section s' for which ai2 — -D.(C3;4 — 65) is strictly smaller than 
for s and moreover, for all i,j for which — D.{Ck-i — 65) increases by this change, 
the section s' (still) satisfies aij — D.(Ck-i — 65) < 0. We repeat the following two 
steps until ai2 < D.^Cs-^ — 65) (as by Claim [531 one of the two situations must 
happen if 012 > £'.(C3;4 — 65)). The same argument works for any a^. 

Step 1: If ^1 + ^2 > 0: We may assume without loss of generality that li > 0. 
Consider the following sections in the linear system \H — E2\: 

S12S1, S23S3, S24S4- 

The linear system \H — £2] is 1-dimensional and any two of the above sections 
are linearly independent. Since 012 > 0,/i > 0, we may replace S12S1 in s with a 
linear combination of S23S3 and S24S4. The effect on the coefficients and h (of 
the corresponding two distinguished sections) is as follows: ai2 and h both decrease 
by 1, while either 023, ^3 increase by 1, or 024, Z4 increase by 1 (everything else stays 
the same). But by Lemma 13.61 one has: 

a2j < D.{Ck;i-e5), for all j E {3, 4}, {j, fc, Z} = {1, 3, 4}. 
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Therefore, after increasing 023 or 024 by 1 one still has a2j < D.{Ck-i — 65). 

Step 2: If 034 > 0: Consider the following sections in the linear system \2H — 
El — . . . — E4\: 

S12S34, S13S24, S14S23- 

The linear system \2H — Ei — . . . — E^l is 1-dimensional and any two of the above 
sections are linearly independent. Since ai2 > 0, 034 > 0, we may replace S12S34 in 
s with a linear combination of S13S24 and si4S23- The effect on the coefficients aij 
is: ai2 and 034 both decrease by 1, while either 013,024 increase by 1, or 014,023 
increase by 1. By Lemma 13.61 one has: 

Oy < D.{Ck-i - es), for all i e {l,2},j G {3, 4}, {f, j, fc, Z} = {1,2,3,4}. 

Therefore after increasing 013,014,023,024 by 1, each of them still satisfies its 
corresponding inequalities. 

Lemma 3.6. If aij > D.{Ck-i — 65) then o,;„ < D.{Cy-w — 65) jor all {m, u, = 
{j, fc, 1} such that u G {fc, Z}. 

Proof. Assume the contrary. Then Oy + Oi„ > D.{Ck-i — 65) + D.{Cv-w — 65). But 
by (j3.7p aij + aiu < D.{e^ — e^/s), where = {k^l}- This is a contradiction 

with Claim O □ 

Claim 3.7. D.{Ck:i +Cv;w — 265) > D.{e^ — &u'b) for all v,w,u' such that {u' , u} = 
{k,l} and {v,w,u} — {j,k,l} for some u 6 {fc, Z} . 

Proof. There are four cases: 

Case (i): v = j,w = I {u = k,u' — I). Using (|9.6p and (|9.7p one has: 

D.{Ck;i + Cj,i - 265) - D.{ez - Cis) = 

= 2D.{1 - 65 - e; + 6(5) + D.{1 - Bij - Cjfc - Bjk - eis) + D.{1 - 65 - ejk) > 0. 

Case (ii): v = l,w = j {u = k,u' = I). Using (|9.6p and (|9.7p one has: 

D.{Ck,i + Cuj ~ 265) - D.{e^ - 6,5) = D.{1 - eg - + 6,5) + 

D.{1 - 65 - ej + Cjs) + D.{1 - eiu - en - e„; - e^s) + D.{1 - 65 - e^k) > 0. 

Case (iii): v = j,w ^ k (u = l,u' ^ k). This is symmetric to Case (ii). 
Case (iv): v = k,w = j [u = l,u' = k). Using ([STI)) . and (P?7)) one has: 

D.{Ck,i + Cfcy - 265) - ^.(es - 6,5) = 

= 21?. (/ - 65 - efc + efcs) + L'.(2Z - 65 - ej - ei - e^fc) + D.{2ek - ^ e/ca) > 0. 

□ 

4. Proof of Claim 12.241 

As in Section [21 we show that any distinguished section on Y can be rewritten, 
using the relations in Cox(y), as a linear combination of distinguished sections with 
straightforward lifting. Assumption [TJ] is equivalent to the inequalities (|9.4p . (|9.6p . 
()9.7p . (|9.8p (for all permutations of indices). We use the notation from Section [SI 

Notation 4.1. Let x ■ {12, 13, 14, 23, 24, 34} {x, y, z} be the function 

X(13) - x(24) = .T, x(14) = x(23) = y, x(12) = x(34) = z. 

Note, one has: 

^x{ij) = ' - 65 - eij - eki, for all {ij, k,l} = {1,2,3,4}. 
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Remark 4.2. By Definition 12 . 161 one has uia + D.La > for all a € {x, y, z}, with 
equality if and only if D.La < 0. 

Lemma 4.3. Let s be a distinguished section on Y : 

where Oij, h,Cx,Cy,Cz,lx,ly,lz ^ 0- If s is a section Lp{Y, D ) then s has straight- 
forward lifting to D if and only if for all {i,j,k,l} = {1,2,3,4} and a G {x,y,z}: 

c^iij) - aij < D.{1 - e^ ~ Cij), (i) 

Ca - la < + D.La, (u) 

'^xiij) ~ "-v ^ D.{Cki - es), (ill) 
+ ^ Ca < D.{Ck-i - es), (iv) 

Cx + Cy + Cz < D.C, (v) 
where Cu = 21 ~ a - ej - eu, Ck-i =21 ~ Cki - ekj - ei, C = 31 - X^Li ^i- 

Remark 4.4. Note that the right sides of the inequalities in Lemma [4.31 are non- 
negative due to (HJI) (for Q), (jml), (EH) (for (0)), Remark [421 (for ^) and 
because C is a nef curve on Af (for (jvj)). 

Remark 4.5. The condition that s is in H°(y, D^ ) is equivalent to: 

'^Oij + {cx + Cy + Cz) = D.e5, (4.2) 
+ aik + an ~ k = D.ei5, (4.3) 
(the coefficients of H and Ei in D^) 

aij +aki+ ^ Ca- Ix(if) = nT-x(u)' (4-4) 

(the coefficient of Ea in D^^ for a e {x, j/, z}). From (|4.2p . (|4.3p and (|4.4p one has: 
^ + 2(c:, + Cy+ Cz) = -0.(265 - ^»5)' (4.5) 

fljTc + aji + Oki + {cx +Cy + Cz) + li = D.{ez ~ e^s), (4.6) 
{cx + Cy + Cz) - [Ix + ly + Iz) = [rrix + ruy + m^) - D.e^. (4.7) 

Proof of Lemma lJT^ We lift s using the rules l|2.3p and (|2.4p (see also Remark l4.6p 
to a section of the divisor: 

D' — ^ flij Ay5 + ^ ^ji^is + CxQ(i3)(24) + CyQ(i4)(23) + CzQ(i2)(34) — 

~ X! ^ X! ~ X!^"'-'' + ^ ~ k)Ei5. 

Using (1321) and (g^l) one has: 

D' = (i^.eg + ^ Ca)H - ^(-D.e,5 + ^« + Ca)-B, - {D.e5)E5~ 
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Then A = D — D' is given by the foUowing formula: 

4 

A = {D.{1 - es) - ^ Ca)H - Y,iD.{e, - e.s) -h-Y. C")^^ 



i=l 

— ^ ^ {D.Cij — Qij — y ^ C(y)Eij. 

We show that A.C > for the nef curves C giving the inequahties (1), (2), (7), (9) 
in Lemma 18.21 and that for the nef curves C giving the remaining inequahties, 
A.C > is equivalent to ((il).((ill).(|in|.(|lv|.(jv|l. 

For inequality (1): 

A.l^ D.il^er,)~Y,c^. 

By ()4.6p . one has < -D.(e5 — 6^5). By the assumption in the Main Claim 

D.e5 < D.e,. Then A.l > D.{1 - 65 - e, + 6,5). It follows from that A.l > 0. 

For inequality (2): 

A.(; - Ci) = D.{1 - 65 - + Cjs) + k. 
It follows from (ES]) that A.(; - e,) > 0. 

Inequality (3) is equivalent to (0) as one has: 

A.(; - Cij) ^ Cz~ ai2 < D.{1 - 65 - Cij) + Gij - c^(ij)- 

For inequality (4): 

A.(; - Cy - Cki) = D.{1 - 65 - - Cfci) + +aki + ^ ^c^fe)- 

By using (|4.4p to substitute + a^i + X]a5^x(y) '^^'^ ^'^^^ ^'^^ ~ ~ — ^ 
is equivalent to ([ii|. Note that in Lemma f8.2l we require that at least one of the 
inequalities is strict. As Lemma [4.71 shows, this is automatically satisfied in this 
case. 

For inequality (5): 

A.Cki = D.{Cki - 2e5 + 6^5 + 6^-5) + aki + + Ij - c^(ki)- 
Using (|4.3p (to substitute hjj) and (|4.2p A.C^; > is equivalent to [iii). 

For inequality (6): 

A.Cfe;/ = D.{Ck-i - 265 + e;5) + ajfe + Ojfc + ^; + c^(ij)- 
By using (|4.6p to substitute a^fc + a^fe + ^; + c^(ij), A.Cfc;; > is equivalent to (zu). 

For inequality (7) (recall that Ci — 21 ^ Cij — e^fe — en): 
A.Ci = D.{Ci - 265) + fly + aik + an. 
By using (14. 3p to substitute + + an, A.Ci = D.{Ci — 2e^ + £"^5) + U. But: 
^.(a - 265 + Eiz) = 2D.{1 - 6i - 65 + m,5) + D.(26, - ^ eij). 

From (HH) and it follows that A.C^ > 0. 
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For inequality (8) (recall that B = 31 — ^i)'- 

A.B ^D.{B- 365 + ^^s) + H + I] ^' 



By using (|4.5p to substitute ^ + 2 ^ Cq, A.B > is equivalent to {v). 

For inequality (9) (recall that B = 31 — 2ei — ejk — Cji — Cki)'- 

A.Bi ^ D.{Bi - 3e5 + 26^5) + ajk + a^i + au + 2^^ + ^ c^. 

By using (|4.6p to substitute ajk + aji +aki +li + J2^oi, A.Bi — D.{Bi — 2e5 + 6^5). 
But one has: 

D.{Bi - 2e5 + 6,45) 2D.{1 - e — 65 + 6^5) + D.{1 - Cjk - Cji - eu - 645). 
It follows from (US]) and that A.B, > 0. □ 

Remark 4.6. In order to lift s e H'^(F, Z3^) we need to group s[j with s^(^ij^, such 
that we may lift Sij — s'^jS^i^ij) to a;,j5, etc (so in fact we lift 'ss]^" s^^ s^'). For this 
we need to have enough sections Sx,Sy,Sz- Take the case of Sx'- one needs exactly 
flia + 024 + Cy + Cz of them (to be distributed to si3,S24,Si/,S2)- Since the image of 
the restriction map ry in H°(i?5, Z?) is 



the number of Sx's appearing in ss™"=s™"s™'' is nix + Ix and by (14. 4|) one has: 



Lemma 4.7. It is not possible to have Ca — la ^ Tna + D.La for all a G {x, y, z}. 
Proof. Assume the contrary and add up the three inequalities. Then one has: 



By (|4.7p . this is equivalent to ^ D.La < ~D.e5, which contradicts Lemma [5~51 □ 

4.1. Proof of Claim 12.241 Let s be a distinguished section in if {Y, ) as in 
(|4.ip . If inequalities (Qj-ljvj) in Lemma [4.31 are satisfied, then by Lemma [4.31 1 has 
straightforward lifting to D. Assume now that one of the inequalities (0)-(|vj) fails. 
We first show that we can keep replacing the section s with a linear combination 
of distinguished sections until we are in one of the following cases: 

{A) Cx ^ Cy = Cz = 0, 
(B) Ix^ly^lz^ 0, Cx + Cy+Cz> 0, 

(C) Cx — Cy = Ix = ly = 0, Cz > 0,lz > (up to a permutation of x, y, z). 
This follows from: 

Claim 4.8. If la > and > for a,/3 £ {x,y,z}, (3 ^ a, then we may replace 
s with a sum of distinguished sections s' for which both Cx + Cy + Cz and Ix + ly + h 
decreased. 

Proof. We may assume without loss of generality that Ix > 0,Cz > 0. Consider the 
following sections in the linear system \II — Ey\: 



The linear system \H—Ey \ is 1-dimensional and any two of the above sections are 
linearly independent. Hence, we may replace SxySx with a linear combination of the 
sections s[^siS4, 32^3233. The effect is: Cz,lx decrease by 1 and either 014,^1,^4 or 



H°(y,£i')s"^s™''s!r 



rux + lx ^ a-13 + a24 + Cy + Cz. 




S14S1S4, S23S2S3- 
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023j h, h increase by 1. Note that Cx,Cy,ly, Iz stay the same. Hence, both c^+Cy+Cz 
and Ix + ly + Iz decreased by 1. □ 

Note that while doing replacements as in Claim 14.81 we ignore how the changes 
affect inequalities in Lemma 14.31 

4.2. Case (A): = Cy = Cz = 0. This case is very similar to Case I. 

Lemma 4.9. If ^ Cy = Cz = then s has straightforward lifting to D if and 
only if for all {i, j, fc, 1} — {1, 2, 3, 4} one has: 

a-ij < D.{Ck-i - 65). 

Proof. One may immediately see (use for example Remark [4. 4 1) that the inequalities 
(p]l ■ (pS)) . (jv]) in Lemma [4.31 are satisfied. The inequality ^ is satisfied (see Remark 
14. 2p . Condition (|iv| in Lemma becomes a^- < D.{Ck-i — 65) in Case (A). □ 

Algorithm for replacing s — Case (A). If for all {i, j, k,l} = {1,2,3,4,} one has 
aij < D.{Ck-i —65) and by Lemma l4.9l s has straightforward lifting to D. if for some 
i,j,k,l one has aij > D.{Ck-i — 65) we will replace s with a sum of distinguished 
sections such that all the inequalities improve, while leaving Cx — Cy = Cz = 0. We 
do this in exactly the same way as we did in Case I, as Lemma [3.61 Claim [3751 as 
well as the Algorithm 13.21 all apply word by word. 

4.3. Case (B): Ix = ly = Iz — 0, Cx + Cy + Cz > 0. This is impossible because of 
(|i771) and Lemma [531 

4.4. Case (C): Cx ^ Cy ^ Ix ^ ly = 0, Cz > 0, Iz > - 

Remark 4.10. Under the assumptions of Case (C) the relations in Remark 14.51 
become: 

'^a^J+Cz = D.e5, (4.8) 
ai3 + a24 + Cz = mx, + 023 + Cz ^ ruy, (4.9) 

ai2 + 0,34 - Iz ^ ruz, (4.10) 
Cz — Iz ^ nrix + TUy + niz — D.e^. (4-11) 

From (|4.9p one has: 

< Cz < min {mx,my}. (4-12) 

From the definitions oimx,my it follows that rux = —D.Lx,my = —D.Ly. From 
(|4?T0l) and ([iTT]) one has: 

ai2 + ~ Cz ^ m5 - rUx - ruy ^ D.{21 - 65 - 613 - eu - 623 - 624). (4.13) 

Lemma 4.11. Under the assumptions of Case (C) s has straightforward lifting to 
D if and only if: 

aij < D.{Cij - 65) + D.{21 - 65 - ei3 - 614 - 623 - 624), (iii') 

ay < i?.(Cfe;i -65), (iv') 
whenever either ij = 12, kl = 34 or ij = 34, kl = 12. 

Remark 4.12. By ^1} and the right hand sides of dnF]), are > 0. 

Proof of Lemma \4-ll\ We claim that in Lemma 14.31 the inequalities , jul and (jvj) 
are satisfied and that (filH) . respectively (pv]) are equivalent to (jiii'P and (jiv'p . 

Inequality by Remark 14.41 the inequalities involving Cx,Cy are automatic. 
We claim that Cz < D.{1 ~ e^ ~ Cij) whenever ij — 12 or 34: by (|4.12p one has 
Cz < "m-XTmy, hence Cz < {mx + my)/2 and the claim follows from Lemma 15.21 
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Inequality juj: this is clearly satisfied for Ix — Cx = 0, ly — Cy — 0. From (14. lip 
and Lemma 15.31 it follows that Cz — Iz ^ and we are done by Remark 14.121 

Inequality (pli|) : the inequalities involving Cx and Cy are automatically satisfied. 
The inequalities involving Cz are of the form (here ij = 12 or 34): 

Cz~aij <D.{Cki-e5). (4.14) 

Using (|4.13p to substitute Cz — fty in (|4.14p . one obtains (jiii'P : 

flfei < ^'■(C'fci - 65) + D.{21 - 65 - ei3 - ei4 - £23 - £24). 

Inequality (pv| : We claim that the inequalities involving ai3, 014, 023, 024 are 
satisfied: this is because by (|4.9p + < m^; whenever ij ^ 12, 34. By Lemma 
15.11 > D.{Ck-i — 65) and we are done. The inequalities ([rv]) involving 012,034 
are exactly the inequalities (jiv'p . 

Inequality (jvj): this follows from (|4.12p and Lemma □ 

4.5. Algorithm for replacing s in Case (C). If the inequalities in Lemma [4. Ill 
are satisfied, then s has straightforward lifting to D. Assume one of (|iii'P or (jiv'P is 
not satisfied, say for ai2 (the same argument applies for 034). Then by Remark l4.12l 
one has ai2 > 0. Then we make replacements to decrease ai2 as follows: Consider 
the following sections in the linear system \2H ~ Ei ~ E2 — Ex — Ey\: 

I / 2 / 2 

Si2SxySz, 513S23S3, S14S24S4. 

The linear system is 1 dimensional and any two of the above sections are linearly 
independent. Since ai2,Cz,lz > 0, we may replace s'i2SxySz in s with a linear 
combination of S13S23SI, S14S24SI. The effect is: 012, Cz, Iz decrease by 1, while either 
tti3j ^23 increase by 1, or 014, 024 increase by 1. Note that besides the above changes 
and the changes affecting the liS (which we ignore, since they do not appear in (jiii'p . 
(jiv'P no other changes occur. In particular, we still have Cx — Cy — Ix = ly = 0. 

The inequalities involving 012 were improved (while the ones involving 034 re- 
mained the same). If after the replacement Cz — or Iz = 0, we are in Case (A) 
or Case (B), we apply the procedure described for those cases. If after the replace- 
ment we still have Cz > and Iz > 0, then we are in Case (C) and therefore all 
inequalities are satisfied, except perhaps (jiii'P . (jiv'P for ai2 or a34. 

5. Inequalities involving mx,my,mz 
The assumptions in this section are the same as in the Main Claim. Recall: 

^Xi'-j) — ^X{kl) — I — ^5 — Sij — ekl- 

Lemma 5.1. For any {i, j, k, 1} = {1, 2, 3, 4} one has: 

-D.L^^ki) < D.{Ck-i - 65), 
where Cua = 21 - ei - Cik - ejk- 
Proof. One has: 

D.{Ck-i - 65) + D.L^(ki) = D.{1 ~ Bik - Cjk - e^j - 615)+ 
+D.{1 - 65 - e/ + 6,5) + D.{1 - 65 - ekl) > 0. 
It follows from (HJ]) and dST]) that D.{C'k.i - 65) + D.L^f^ki) > 0. □ 
Lemma 5.2. For any i,j G {1,2,3,4} one has: 

1 ^ 
— — D.( La) < min {d — mc, — ruij ,3d — ^^rui} 

a^x(ij) ^=1 
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Proof. Without loss of generality, we may assume ij = 12. One has: 
2D.{1 - 65 - ei2) + D.{L.^ + Ly) = 
= 2D{1 - 65 - ei2) + D.{21 - 2e5 - 613 - 614 - 623 - 624) = 

= D.{1 - ei2 - ei3 - 623 - 645) + (/ - 612 - 614 - 624 - 635) + 

+D.{1 - 65 - 63 + 635) + D.{1 - 65 - 64 + 645) + D.{e3 + 64 - 265). 

The first inequality follows from ()9.7p and the assumption D.e^ < D.Ci. Moreover: 

5 

2D{31 + D.{L., + Ly) = 

i=l 

5 

2{il -'^di) + D.{21 - 265 - ei3 - 614 - 623 - 624) = 
i=l 

D.(2l - 61 - 63 - 65 - 624) + D.{21 - 61 - 64 - 65 - 623)+ 
D.{21 - 62 - 63 - 65 - 614) + D.(2l - 62 - 64 - 65 - 613). 
The second inequality now follows from (|9.7p . □ 
Lemma 5.3. One has {nix + my + tUz) < D.e5,~D.{Lx + Ly + L^) < D.e^. 

Proof. Note, by definition of rrix if > 0, then = —D.Lx (similarly for y, z). 
If rux = rUy = rUz = 0. The Claim follows from (|9.4p . 

Case 1) Assume just one of rrix^ rUy, rUz is > 0, say > 0, rUy = = 0: 

£'.65 - {nix +my + niz) = D.{1 - 613 - 624)- 

But D.{1 — 613 — 624) > (see Lemma [8.2^ . The other cases are similar. 
Case 2) Assume two of nix, my, m^ is > 0, say mx,my > 0, mz = 0: 

£'.65 - {mx +my + mz) = D.{21 - 65 - 613 - 614 - 623 - 624)- 

By ()9.8p 13.65 — {mx + my + mz) > 0. The other cases are similar. 
Case 3) Assume mx, my, mz > 0: 

0.65 - {mx + my + mz) = D.{Lx + Ly + Lz + es) = D.{31 - 2e5 - ^ e^j) = 

ij = l,...4 

= D.{2ei - ^ Cij) + 2D{1 - 65 - 6^ + 6.^5) + D.{1 - e-jk - m ~ e^i - 6^5), 
for any {i,j,k,l} = {1,2,3,4}. By dH]) , (EH) , (ET]) D.65 - {mx + my + mz) > 0. 

If —D.{Lx + ij, + Lz) = D.e^, by the above computation one has (here for 
simplicity, we let d = D.l, nii = D.Ci, mij ~ D.Cij): 

2mi — ^ m^j =0, d — m^ — mi + mi^ = 0, mjk + m^i + niji + 771^5 = d. 
It follows that: 

mij + m,k + ma ^ d - m^ + mi, (5.1) 
m.jk+mki+mji = 2d-mr^-m.i. (5.2) 
Adding up all relations (|5.ip and (|5.2p . one has: 

4 4 
2 TTiij = 4d — 4m5 + TOj , 2 TOjj = Brf — 4r7i5 — m.^ . 

i,j=l,...4 1=1 i,j = l,...4 1=1 

It follows that X]i=i "^i — 2c?. But by assumption > m^ for all «, hence 
m^ < d/2. As < 771^5 — mi + 7715 — d it follows that mi > d — 777,5 ^ 0^/2. Since 
Si=i '^i ~ 2d it follows that 777^ — d/2, mi^ — 0. Moreover, 777.^ + 7^7^^ + 7^7^/ = d. 
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As d > it follows that to^ > for some i,i € {1, ■ • ■ ,4}. This contradicts the 
assumption in the Main Claim. □ 

6. Multiplicity estimates 

Let I be the unique line in P'^ that passes through and intersecting lines I13 
and ^24 (the other cases are similar). Let L be the proper transform of I in M. 

Proposition 6.1. Let D = dH — '^uriiEi — niijEij be an effective divisor on M. 
Let m be the multiplicity of D along L. Then 

m > niQ + mi3 + 77124 ^ d. 

Proof. Let p : X ^ M he the blow-up of M along L and let E be the exceptional 
divisor. Let D be the proper transform of D. Then p*D = D + niE. Restricting 
to E, one has: 

ip*D)\E^D\E + mE\E- (6.1) 

Let N be the normal bundle of L in M. Let iV;|p3 be the normal bundle of / in 
P^. If /' is the proper transform of / in the blow-up X of P'^ along pi, . . . ,p5, let N' 
be the normal bundle of I' in AI. One has: 

iVz|p3 = 0(-l)©0(-l), N' =Tr*Nnp3{-E5)^0®0. (6.2) 

It is easy to see that deg(A^) = deg{N') — 2 — —2. In fact we have the following: 

Claim 6.2. N = 0(-l) © 0{-l). 

Proof. Note that one could obtain M by blowing up P'^ first along the points 
Pi, . . . ,P4, then the proper transforms of the lines I13 and Z247 then the point P5 
and the proper transforms of the lines lij, for all ij ^ 13, 24. Let A be the plane 
in P^ spanned by the line I and Z13. Then the proper transform A of A in M is 
the blow-up of A = P^ along pi,P3,P5, q, where q = /24 H A. If A'^i^^ is the normal 
bundle of i in A and A^^ixr is the normal bundle of A in M, one has an exact 
sequence: 

- ^L|A - ^ - (%|m)|l - 0. (6.3) 

It is easy to see that A^^|^ — 0{~1). Since deg(A^) — —2 and 0{~1) is a subbundle 
of TV (the quotient is a hne bundle), it follows that N = 0(-l) © 0{~1). □ 

Then E = P(iV) ^ P^ x P^. Let p : ^ I = P^ be the restriction of p to E. Let 
q : X ^ ¥^ he the other projection. Then 

E^E^ Oe{-1) - q*0{-l) <E> P*0{~1). 

Note that {p* D)\e = P*[D\e) and D\l = 0{a), where we let a = D.L. One has: 

Lf.L = E5.L = E13.L = E2i.L = 1, Ei.L = Eij.L = 0, for all other indices i,j. 

It follows that a = d — — mi3 — TO24. From (j6.ip one has: 

Die = p*0{a + to) (Ki q*0{'m). 

Since D\e is effective, it follows that to > —a — TO5 + TO13 + 77124 ~ d. □ 
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Figure 1 . The configuration of the points qi,q2,q3,q4,x,y,z 

7. Proof of Lemma [^.211 

Recall that Y is the blow-up of along qi, . . . ,q4,x, y, z. 
Let 

4 

D = dH — m.iEi — nixEx — niyEy — rrizEz, 
1=1 

be a divisor on Y. Assume D is effective and let s be a section in H'^(y, D). 

We show that s is generated by distinguished sections on Y by induction on 
d. Let (respectively Ixyjyzjxz) be the proper transforms in Y of the lines ly 
(respectively xy, yz.'xz). We may assume D.C > for C among the classes: 

^ij 7 ^xy 7 ^xzi ^yz i ; , Ey , E 2^ . 

This is because if D.C < then s = xcs' ^ where s' e H"(y, D — C) and is a 
generator of H°(F, C), and s' is generated by distinguished sections by induction. 
Hence, we assume: 

d > TTii + rrij + m^(^ij-), d > rrix + triy, d > rUx + rUz, d > rriy + m^, (*) 
d > mi > 0, d > vrLx > 0, d> my > 0, d> mz > 0. 

If d = then it follows by D — Q. Assume d > 0. We may assume without 
loss of generality that 

m4 < mi < 7712 < m^. 
Consider the restriction map: 

r : H"(y, D) ^ Ii°(E,, D.^J = lf{¥\ 0{m,)). 

It is enough to show that we may lift any t e Il''(P^, C(m4)) to a section in 
H°(F, 13) generated by distinguished sections on Y. This is because by the same 
argument as in Section[2l if s, s' are sections in H"(y, D) are such that r{s) = r{s'), 
then s — s' is in Il"(y, D — i?4) and we are done by induction. 

Let ti be the restriction in H°(P^,C'(1)) of the section sa corresponding to 
1-4. Any two of ti,t2,t3 generate H°(P^, 0(1)). In particular, it is enough to lift 
t ~ ti'^ta™*"*^ ( for any < fc < 7714) to a combination of distinguished sections. 
We lift ti to Si4, hence t to s'l^s™^"'' (a section of D' — kl\^ + [m^ — k)l'^^). Let: 

A = = (d - m4)7l - (mi - k)Ei - m2^2 - (^-3 - m4 + fc)^3- 

-mxEx - (my - k)Ey - (m^ - m,4 + k)Ez. 
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Claim 7.1. There is a section u € i/'(A), generated by distinguished sections and 
such that (^lf{Ei, O) IS non-zero. 

Assuming Claim [TAl we lift t to us\^s^^~^ and we are done. 
Proof of ClaimYU\ Let 

A' = A — (mi — k)ii2 = {d — rn^ — mi + k)H — (m2 — mi + k)E2 — 
— (ma — m4 + fc)£^3 — m^Ex — {my — k)Ey — (m^ — mi — m^ + 2k)Ez. 

Note that since k < m^ < mi and since a section corresponding to has non-zero 
restriction to E^, it is enough to show that there is a section u' S H''(A'), generated 
by distinguished sections and such that uj.^ £ H°(i?4, O) is non-zero. 
Case when my — fc < 0. Let 

A" = A + {my — k)Ey = {d — m^ — mi + k)H — (m2 — mi + k)E2 — 
— (ma — m4 + k)ET, — m^E^ — (m^ — m,i — m,4 + 2k)Ez. 

It is enough to show that there is a section u" G H°(A"), generated by distinguished 
sections and such that S H°(i?4,C') is non-zero. Since A" is a divisor on the 

blow-up of along the points q2, 93, x, z, it follows from Lemma 17.31 (a direct check 
shows that all inequalities (|7.ip hold; use k < m^ < mi and 0) and Lemma f7.4l 
applied to the lines (72, a; and 53, z, that there is a section u" e H°(A"), generated 
by distinguished sections and not containing (74 in its zero-locus. 

Case when my — fc > 0. Denote 

A^i = mi + m4 + m^ + my — d — 2k, 
N2 ~ 2d ~ m2 — m3 — m^ — mz — 2k. 
Claim 7.2. iVi < iV2, < N2, Ni < my - fc. 
Proof of Claim\T^ We have 

N2 — Ni = {d — mi — m2 — m^) + {d — m^ — m4 — m^) + {d — m^ — my) > 0, 

using and m4 < m^. Similarly, as < fc < m4, we have N2 > and A^i < my — fc 
(using (jlj and m4 < mi). □ 

By Claim [721 we may choose a, P > he integers such that a + P = my — fc and 
Ni <a< N2. Let 

A" = A — al^y — /3723 — {d — mi — m^ — my + 2k)H — (m2 — mi + fc — f3)E2 — 
— (m3 — m4 + k ~ (3)E3 — {m^ — Oi)Ex — (m^ — mi — m4 + 2k)Ez. 

Since Jxy and 723 have non-zero restriction to -E4, it is enough to find u G H*'(A") 
such that ^ 0. As before, since A" is a divisor on the blow-up of P'^ along the 
points (72, 93, X, 2, it follows from Lemma [7.3l and Lcmma [7 . 41 applied to the lines 52, x 
and (73, z, that there is a section u" G H°(A"), generated by distinguished sections 
and not containing (74 in its zero-locus. All inequalities follow in a straightforward 
way from Q and m4 < m^, except for: 

• A".(F - Ej;) > 0, (equivalent to a > iVi) 

• A".(!ff - ^£3) > (use that mi < m2) 

• A". (277 -E2-E3-Ex-Ez)>0 (equivalent to a < iV2) 

□ 
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Lemma 7.3. Let Z be the blow-up o/P^ along points 51, . . . , (74 (no three collinear). 
One has lf{D) ^ for a divisor D = dH — Ylt=i "i^i^i */ o-nd only if: 

4 

d>0, d-m,>0 2d-^TOi>0. (7.1) 

i=l 

The Cox ring Cox(Z) is generated by sections corresponding to the lines lij and the 
exceptional divisors Ei. 

Proof. It is a well known result that the Cox ring Cox(Z) is generated by sections 
corresponding to the lines I.y and the exceptional divisors Ei , see for example [BP] . 

If D is an effective divisor, then clearly, the inequalities (|7.ip hold. Conversely, 
assume (j7.1|) hold. We write D as an effective combination of the classes of the 
lines lij = H " Ei — Ej and the exceptional divisors Ei. Consider the table with 
2 rows and d columns filled with Ei^s in the following way. Start in the upper left 
corner and write mi i?i's in the first row. Then write m2 E2's passing to the second 
row if necessary, and so on. Fill the remaining entries with zeros. For example, if 
D = 5H - SEi - 3E2 - 2E3 ~ E4,: 

El El El E2 -©2, 

E2 E3 i?3 E4 0. 

Our conditions guarantee that all entries of a given column are different. Therefore 
D is the sum of classes H — {Ei + Ej), one for each column, where Ei, Ej are the 
entries of the column. In the example above: 

D^{H-Ei-E2) + iH-Ei-E3) + {H-Ei-E3) + {H-E2-E4) + {H-E2). 

□ 

Lemma 7.4. In the notations of Lemma \7.3[ let D be a divisor such that lf{D) ^ 
0. Let q be the intersection point of the lines qiq2 and q^ql. The linear system \D\ 
does not contain q as a base point if and only if 

D.{H-Ei-E2)>0, D.(H -E3-Ei)>Q. 

Proof. The conditions are clearly necessary. It is enough to show that D can be 
written as an effective combination of lines lij (Jij 7^ Ii2,l3i) and the exceptional 
divisors Ei. Let 

D = ^ ^ kijlij -\- ^ ^ kiEi, kij , ki ^ 0. 

Assume ki2 > 0. Note that the only generators E of Cox(Z) with the property 
that E1i2 > are I34, Ei,E2. Since -D.I12 > 0, it follows that one of fc34, ki, k2 > 0. 
If fci > we may replace I12 + Ei with a divisor in the pencil \H — E2\ that does 
not contain I12 (for example I23 + Es)- The case ^2 > is similar. If fc34 > 0, we 
replace I12 +I34 with, for example, I13 +I24- The case when fc34 > is similar. At 
the end of this process, we have ki2 — k^^ = 0. □ 

8. Inequalities for the effective cone of X 

Let X be the iterated blow-up of P'^ in points pi , . . . , p4 (in linearly general 
position) and proper transforms of lines kj («, j = 1, . . . 4, i 7^ j). Let Ei, Eij be the 
exceptional divisors. Let I be the class on X of the proper transform of a general 
line in P'^. Let Ci be the class of (the proper transform of) a general line in Ei. Let 
eij be the class of a fiber of the P^-bundle Eij — > lij. 

Notation 8.1. For {i,j,k,l} = {1,2,3,4} let: 

Cij — 21 — eij — Ck ei, 

Ci-^j 21 6^/^ Cil Cj, 
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Ci 2/ Gij 6^^ Gil 5 

4 

Lemma 8.2. Let D be a divisor on X. Then D is an effective sum (with integer, 
non-negative coefficients) of boundary divisors Aijk, Eij , Ei (in particular, ]rP{D) ^ 
O; if D.C > for all C m the list below (for all {i,j,k,l} = {1,2,3,4};.- (1) I; (2) 
l-e,; (3) I - ey; (4) I - e,, - eki; (5) C^; (6) C,;,; (7) C,; (8) B; (9) B„ and 
moreover, if one has D.{1 — Cij — Cki) > for some i,j, k, I. 

It is easy to see that each of the classes C in (l)-(9) in Lemma W?^ cover a dense 
set of X; hence, for any effective divisor D one has D.C > 0, i.e., C is a nef curve. 

Remark 8.3. It is a standard fact that the divisor D is in the convex huU of 
the effective divisors A^^, Eij, Ei (where is the proper transform of the plane 
PiPjPk ) if and only if inequalities (l)-(9) hold. However, the extra condition of 
having at least one strict inequality in (4) is necessary for B°{D) ^ 0, as the 
following example shows: if £) = 2H—^^_^j Eij then it is easy to see that 11° (Z?) = 
(H"(2i:>) ^ 0) and D satisfies ah of (l)-(9). 

Observation 8.4. If 

D = dH - rriiEi - ^ niijEij, 

is such that d > 0, d > nii, niij (for all i,j) and there is an i such that < and 
rriij < for all j ^ i, then D is an effective sum of boundary, as one has: 

D = dAjki + ^^{d - rn.j)E.j + ^ (rf - rnuv)Euv + {-nii)Ei + '^{~niij)Eij. 

Proof of Lemma \8.2\ Let D = dH — ^ rriiEi — ^ rUijEij. One has: 
d = D.l, rui = D.Ci, rriij — D.Cij. 

We do an induction on d. If d = then from (2) and (3) rui, mij < and we are 
done by Observation 18.41 Assume d > 0. We show that there are i,j, k such that 
D' = D — Aijk also satisfies (l)-(9) and hence, we are done by induction. 

Note that D' = D — Aijk (for any i,j,k) always satisfies (1),(4),(5),(8),(9). 
Moreover, one has at least one strict inequality in (4). Inequality (2) fails for D' 
if and only if mi — d, where I ^ i,j, fc, and (3) fails for D' if and only if one of 
mn, mji, m^i equal d. Inequality (6) fails for D' if and only if one has: 

2c? = mii + mi-j + mfe, 

(or the similar inequalities for a permutation of indices i,j, k). Inequality (7) fails 
for D' if and only if mn + mji + m^i G {2d — 1, 2d}. 

Case I: m.y = d for some i,]. We may assume d = mi2. From (4), TO34 < 0. 



Case 1: mi — d for i £ {3,4}. We may assume TO4 = d. Then by (5) one has that 
ma < and by (6) one has mia , 77123 ^ and we are done by Observation 18.41 

Case 2: Assume 7713 < d, 7774 < d. 

We may assume that 77113 is the largest among 7*7.13, "714, 7^23, 7^24. 



Claim 8.5. One has 77714,77724 < d. 
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Proof. Assume mi4 = d for i = {1, 2}. Since by assumption 771^4 < TO13 and TO13 < d 
one has mi3 = d. If mi4 = d, since TO12 = d, one has a contradiction with (7). If 
m24 = d one contradicts (4). □ 

Claim 8.6. The divisor D' = D - A123 satisfies (l)-(9). 

Proof. InequaHty (2) holds, as < d. Since by Claim [531 mi ^i. mod < d and since 
TO34 < 0, inequality (3) holds. If (7) is not satisfied, i.e., mi4 + 77124 + ^34 — 2d~l 
or 2d, one has a contradiction, as TO34 < and (by Claim [575|l 77114,77124 < d. If (6) 
is not satisfied for D' then one has: 

2d = 77ii4 + 771^4 + 771/j, (8-1) 

for some {i,j, k} — {1, 2, 3}. If fc = 3: by (6) one has 2d > mi2 + 11124 + ^3- Since 
77112 = d one has d > 11124 + 1^3 and hence, by (|8.ip . 11114 = d. This contradicts 
Claim [5751 If A: G {1, 2} (say i = 3): one has 2d = 7(134 + mj4 + ra^. Since 17134 < 0, 
rriji < d (Claim [575| and iiife < d, this is a contradiction. □ 

Case II: mi — d for some 1, iiiy < d for all i, j. We may assume that d — 1114. We 
may also assume that d > > m2 > nii. By (9) and (5) one has: 

mi2 + mi3 + m23 < d, (8.2) 

rriij +mk < d, (8.3) 

where {i,j,k} = {1,2,3}. 

Case 1: TO23 > 0. By (|8.2|) one has: 

11112 + 11113 < d. (8.4) 

Claim 8.7. The divisor D' = D - A234 satisfies (l)-(9). 

Proof. Inequality (3) is satisfied by the assumption iii^ < d. Inequality (2) is not 
satisfied if and only if one has iiii = d. If nii — d, it follows from the assumptions 
that i)i2 = 1113 = d. As m4 — d, one has a contradiction with (8). If (7) is not 
satisfied, i.e., 11112+11113 + 11114 = {2d—l,2d}, one has a contradiction with 11114 < d 
and 11112 + 17113 < d (|8.4p . If (6) is not satisfied then one has: 

2c? = mii + iiiij + iiifc, (8.5) 

for some {i,j,k} — {2,3,4}. If fc = 4: since 1(14 = d one has from (|8.5p d = 
mi2 + 7Mi3 which contradicts (|8.4p . If fc e {2, 3} (say 1 = 4) one has 2d — mu + 
mij + nife for {k,j} = {2,3}. But 11114 < d and iiiji + iiife < d ()8.3p . This is a 
contradiction. □ 

Case 2: 11123 < 0. If 1112 — d then it follows from the assumptions that 1113 = d. As 
7(14 — d, one has from (8) that mi < 0. It follows from (5) that mu < for all 
1 = 2,3, 4. Then we are done by Observation 18.41 Hence, we may assume m2 < d. 

Claim 8.8. The divisor D' = D - A134 satisfies (l)-(9). 

Proof. Inequality (2) is satisfied as 1112 < d. Inequality (3) is satisfied by assump- 
tion. If (7) is not satisfied, i.e., 11112 + 11123 + ^24 S {2d — 1, 2d}, one has a contra- 
diction with m24 < d and mi2 + 7M23 < i'ii2 < d. If (6) is not satisfied then: 

2d = m2i + iii2j + mfc, (8.6) 

for some {i,j,k} = {1,3,4}. If fc = 4: since m4 = d one has from (|8.6p d = 
mi2 + 11123. But 11112 < d and 11123 < 0. This is a contradiction. If fc G {lj3} 
(say 1 = 4) one has 2d — 10,24 + iiij2 + nife for {k,j} — {1,3}. But 11124 < d and 
mj2 + iiifc < d (|8.3p . This is a contradiction. □ 
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Case III: rrii < d, rrnj < d for all 

By Claim l8J0l we may assume D.Cij > for i = 1, 2, 3, and all j ^ i. 

Claim 8.9. One of Di = D — A234, D2 = D — A134, D3 = D — A124 satisfies all 
the inequalities (1) — (9). 

Proof. Inequalities (2), (3) follow from the assumptions. If (6) is not satisfied for 
Di then D.Ci-j, for some j ^ i, which we assume does not happen. Hence, (6) is 
satisfied for all D^. If (7) fails for all D^, then one has for all i G {1, 2, 3}: 

mi-j + ■m^k + mu > 2d - 1. (8.7) 

Adding up (|8.7p for i — 1 and i = 2 one has: 

2mi2 + (mi3 + m24) + (mu + TO23) >Ad-2. (8.8) 

From (4) d > mij + rriki- As 77112 < d, it follows from ()8.8p that 77113 + ^,24 = 
777,14+7)7,23 — d. Similarly, by adding ()8.8p for 7 = 1 and 7 = 3 one has 7)7,12+77734 = d. 
This contradicts our assumption that one of the inequalities in (4) is strict. □ 

Claim 8.10. There are at least three indices i € {1,2,3,4} such that D.Ci-j > 
for all j / 7. 

Proof. Assume D.Ci j — 0, for some i,j. We may assume without loss of generality 
that i:i.Ci;2 = 0. 

2d = 77713 + mi4 + 7772. 

We claim that for all i G {2, 3, 4} one has D.Ci j > for all j ^ i. This follows 
from D.{Ci-2 + Ci-j) > for all i G {2, 3, 4}, j ^ i. This is because: 

^.(Ci;2 + Cs-j) = D.C'sk + D.{1 - 623 - ei4) + D.e^^ ({j, k} = {1,4}). 

It follows from (5), (4) and 7)713 < d that D.{Ci-2 + C^-j) > 0. Similarly: 

D.iCi.2+C3,2)=D.B2 + D.eu. 

By (9) and 77713 < d, D.{Ci-2 + C'3;2) > 0. By symmetry, D.d-j > 0, for aU j ^ 4. 
If {j, /c} = {3, 4}, one has: 

B.{Cx,2 + C2;,) = i?.Cife + D.{1 - - e2u) + D.e^2- 

From (5), (4) and 77712 < d one has D.{C\;2 + C2yj) > 0. Similarly: 

D.iCi,2 + C2;i) = D.{21 - ei - 62) + i?.(; - ei3 - 624) + D.{1 - eu - 623)- 

From (4) and 7711,7)7,2 < d one has D.{C\-2 + C'2;i) > 0. 

□ 
□ 

9. Restrictions to generators 

Let tt' : m' P"^ be the blow-up along pi , . . . , ps and let E[ be the corresponding 
exceptional divisors. Let -k : M ^ M be the blow-up of the proper transforms 
of the lines Uj. In what follows, we compute the classes of the restrictions of an 
arbitrary divisor D on M to the divisors Ei,Eij^Kijk,Q(ij)i^ki)- 



24 



ANA-MARIA CASTRAVET 



9.1. Restrictions to Ei. The divisor Ei is the inverse image 7r~^(K-). By Fact 
19. li the divisor Ei is the blow-up of E'^ ~ along the 4 points corresponding to the 
directions of the lines kj, for j ^ i- Denote by Ej the corresponding exceptional 
divisors. Denote by H the hyperplane class on Ei. One may easily see the following: 

H\E, = 0, Ei\E, = -H, Ej^^^ = = Ej, E.jk\E, = 0' (9-1) 

where j, k i, j ^ k. This is clear from Fact 19.11 

Fact 9.1. [EH|, Prop. IV. 21, p. 167] Let Y and Z be closed subschemes in a scheme 
X and let X be the blow-up of X along Z. Let E be the exceptional divisor. The 
proper transform 1" of K is the blow-up of Y along the scheme theoretic intersection 
Y D Z and the exceptional divisor is Y n E. In particular, if Z is contained in Y, 
the scheme Y is the blow-up of Y along Z. 

Consider an arbitrary divisor D on M: 

D = dH — rriiEi — rriijEij, where d, rrii^mij £ Z. (9-2) 

It follows from (|9.ip that the restriction of D to Ei is given by: 

D^Ei = rUiH -^^rriijEj. (9.3) 

Lemma 9.2. The divisor D\Ei is an effective divisor if and only if 

rui > 0, mj > my (j ^ j), 2mi > ^m^. (9.4) 

Proof. This is Lemma [7751 applied to (|9.3p . □ 

9.2. Restrictions to Eij. The normal bundle N of the proper transform of the 
line lij in M is given by: 

N = (^*iV,^^.|p3)(-K, - Ej) = 0{-l) ® 0(-l). 

The divisor Ei^j = P(iV) is isomorphic to P(0© O) = P^ x P^. Let pi : P^ x P^ ^ 
P-"^ be the projection map given by the blow-up map Eij lij — P^ and let be 
the other projection. Since 0{Eij)\Eij = C'p(7V)|pi (^1) and 

Cp(Af)|pi(-l) — Cp(c'®o)|pi(-l) ®PiC>{-l), 

it follows that: 

E^J\E^^ =pIO{~1)®pIO{~1). 
Moreover, one may easily see, for all distinct i, j, k, I: 

H\E^, = =KO(l), Sfe|£., = 0, Eki\E,, = E,k\E^^ = 0. (9.5) 

It follows from (|9.5p that the restriction of D in (|9.2p to is given by: 

E^\E,j = PiO{d ~mi ~ m.j + m,j) ^plO^niij). 
Clearly, the divisor D^Eij is an effective divisor if and only if 

m.y > 0, d — nii — nij + my > 0. (9.6) 
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9.3. Restrictions to Ay^. Take the case of A123 (the other cases are shuilar). Let 
A be the plane pipiPs- Then A123 is the proper transform A of A in M . Denote 
by A' the proper transform of A in M . Let q be the point Z45 n A. Note that 
by Fact 19.11 A' is the blow-up A = along pi,p2, P3 and A is isomorphic to the 
blow-up of A' in g, i.e., A is isomorphic to the blow-up of along pi,P2,P3, Q- Let 
El, E2, E^, Eq be the exceptional divisors and H the hyperplane class. One may 
easily see that: 

i7|A = i?, i?»|A = (i = 4,5), £;y|A = (ij^ 12,13,23,45). 
Using Fact 19. 1[ one has that: 

E,^^ = E, (^ = 1,2,3), S45|A=^g, E,,^j^ = H-E,-E, fo' e {12, 13, 23}). 
It follows that the restriction of D in (|9.2p to A123 is given by: 
-C|Ai23 = (o^ - "^12 - '7113 - m23)i? - X! {m^ - m^j - mik)Ei - m45Eq. 

{i,j,fe} = {l,2,3} 

By permuting indices and applying Lemma 17.31 has the following: 
Lemma 9.3. // the divisor D\j^.^^ is effective and {i, j, fc, u, w} = {1,2, 3, 4, 5} then 
d > mi + rrijk, d > mij + ruik + nijk + vtLuv, 2d > mi + mj + mj + m^v (9.7) 

9.4. Restrictions to the Keel-Vermeire divisors Q(ij)(ki)- Take the case of 
Q(i2)(34)- There is a unique (smooth) quadric Q in P^ that contains the points 
Pi, . . . ,P5 and the lines Z13, Z14, Z23, hi- Since Q(i2)(34) has class: 

Q(12)(34) = 2i/ — ^ Ei — Ei3 — Ei4 — E23 — E24, 
i 

it follows that Q(i2)(34) is the proper transform Q of Q in M. Denote by Q' the 
proper transform of Q in Af . By Fact 19.11 it follows that Q' is the blow-up of 
Q ^ pi X pi along the points pi, . . . ,^5. Moreover Q ^ Q'. 

Let Fi , respectively F2 , be the class of the lines in the ruling of P^ x that 
contains Z13 and /24, respectively Z14 and ^23- Let Ei,...Eq be the exceptional 
divisors on Q, considered as a blow-up of x P^ along pi, . . . ,^5. By Fact 19.11 

Et^Q = El + E2, Ei^Q — Ei, 

E,j^^^ Fi-E,-Ej (u== 13,24), E,,^^ ^ F2 ~E, -Ej (ij = 14,23), 

Eij^Q = for all other cases. 
It follows that restriction D^q of the divisor D in (|9.2p to Q is given by: 

D^Q = (d- mi3 - m2i)Fi + {d - mu - m23)F2 - (mi - mi3 - mi4)Ei- 

-{m2 - m23 - m24)£^2 - ("^3 - mi3 - 7x123)^^3 - (mi - m^ - m2A)Ei - m^E^. 

Alternative description of Q. Let p : P^ \ {^5} P^ be the projection from ps 
and let qi — p{pi) (i = 1, . . . , 4). Let li (respectively I2) be the unique line through 
P5 in the ruling of Ei (respectively F2). 

Let y (respectively x) be the image li (respectively 12). The blow-up of Q = 
P^ X P^ in p5 is isomorphic to the blow-up of P^ in x, y. Hence, Q is isomorphic 
to the blow-up of P^ along pi, . . . ,p4,x, y. Denote by Ei, . . . E^, Ex,Ey be the 
exceptional divisors corresponding to the points pi, . . . ,p4,x,y and let H be the 
hyperplane class. One may immediately see: 

H = p*0{l)=Fi+E2-E5. 



26 



ANA-MARIA CASTRAVET 



Note that lines in the ruHng F2 (respectively Fi) intersect li (respectively I2), 
therefore their images in all pass through y (respectively x). In particular, 
the lines qiq^ and 9294 intersect in x, while the lines qiql f^nd ^293 intersect in y. 
Moreover, one has: 

Fi = H — Ex, F2 — H — Ey. 

It follows that: 

E^=H -Ex-Ey, E,^e[ (i = l,...,4). 
Hence, the restriction D^q of the divisor D in (|9.2p to Q is given by: 

I^ig = {2d - TO5 - TO13 - TO14 - - m2i)H - (mi - TO13 - mii)Ei- 

-(to2 - 77123 - 777,24)-B2 - (7773 - "^-13 " 77723)-B3 - (r7l4 - 777l4 - 77l24)£^4- 

-(d - 7775 - rni3 - m2i)Ex - {d - - mu - m23)Ey. 
Lemma 9.4. // the divisor D^q is effective then 

2d > 7775 + nT-13 + "^14 + 77123 + "^24, 2d > 7771 + 77l5 + 77123 + '7724- (9.8) 

Proof. This follows from Lemma 17.31 □ 
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